A Roy equation analysis of the available ππ phase shift data is performed with the I = 0 S-wave scattering length a 0 0 in the range predicted by the one-loop standard chiral perturbation theory. A suitable dispersive framework is developed to extract the chiral coupling constantsl 1 ,l 2 and yieldsl 1 = −1.70±0.15 andl 2 ≈ 5.0. We remark on the implications of this determination to (combinations of) threshold parameter predictions of the three lowest partial waves.
Introduction
Chiral perturbation theory [1, 2, 3] provides the low energy effective theory of the standard model that describes interactions involving hadronic degrees of freedom and exploits the near masslessness of the u, d (and s) quarks and the observation that the pions, kaons and the η could be viewed as the Goldstone bosons of the spontaneously broken axial symmetry of massless QCD. It is a non-renormalizable theory and involves additional coupling constants that have to be introduced at each order in the derivative or momentum expansion.
[From here on we confine our attention to the SU(2) flavor subgroup.] At leading order, O(p 2 ), we have the pion decay constant, F π ≃ 93 MeV in addition to the mass of the pion, m π = 139.6 MeV, henceforth set equal to 1.
As a result, one has for what is arguably the simplest purely hadronic process of ππ scattering a prediction for a key threshold parameter, the I = 0, S-wave scattering length a 0 0 = 7/(32πF 2 π ) ≃ 0.16 [4] . There are ten more coupling constants at the next to leading order, O(p 4 ); four of them,l 1 ,l 2 ,l 3 andl 4 enter the ππ scattering amplitude [1] . As a result, at this order a and yieldl 1 = −2.3 ± 3.7,l 2 = 6.0 ± 1.3.
These have also been determined from analysis of K l4 decays [6] which yield l 1 = −0.7 ± 0.9,l 2 = 6.3 ± 0.5 and more recently by estimating higher order corrections to these decays [7] l 1 = −1.7 ± 1.0,l 2 = 6.1 ± 0.5. C in Ref. [2] ] and has also been discussed more recently [8] . Furthermore, generalized vector meson dominance [9] leads to numerical values for these consistent with the numbers above. Tensor resonances also have been found to make non-trivial contributions [10] .
The constantsl 3 has been estimated from the analysis of SU(3) mass relations which yields [2] :l
The variation of a 0 0 is essentially equivalent to the variation ofl 3 . While herel 3 would have to be −70 in order to accommodate a 0 0 = 0.26, there is an extended framework which re-orders the chiral power counting in order to accommodate such large values of a 0 0 modifying even the tree-level prediction [11] . Here we confine ourselves to the more predictive standard chiral perturbation theory whose stringent predictions will come under experimental scrutiny [12] . Thus we note that in our final analysis we cannot claim an independent determination ofl 3 via the Roy equation analysis of this work since a 0 0 is varied anyway in the range predicted by standard chiral perturbation theory.
The constantl 4 enters the one-loop expression of the relatively accurately determined value of the "universal curve" combination 2a 0 0 − 5a 2 0 [13] and is also related to the independent estimates of the scalar charge radius of the pion. An SU(3) analysis that has been performed for the ratio of the kaon and pion decay constants F K /F π also provides a measure of this constant l 4 ≈ 4.6 [14] . In the present analysis we treat a 0 0 as the only free parameter to the fit to the data and a 2 0 is produced as an output corresponding to the optimal solution of our data fitting. In particular, the values we find remain consistent with the universal-curve band. Thus we have a determination of the constantl 4 . However, we also perform constrained fits with a 2 0 computed from certain universal curve relations that fixl 4 a priori. The influence on the actual numerical fits is found to be minimal reflecting the weakness of the I = 2 channel and influences the determination ofl 1 andl 2 minimally due to reasons we discuss in subsequent sections.
On the other hand ππ scattering has been studied in great detail in axiomatic field theory [15] . In most of our treatment we limit ourselves to a certain approximation where we account for the absorptive parts of l ≥ 2 states only through the "driving terms" of the Roy equations for the S-and P-waves.
Furthermore, we also perform an analysis of certain threshold parameters computed from the Roy equation fits which reveals the magnitude of O(p 6 ) corrections their one-loop predictions are expected to suffer from. The dispersive framework can be extended to meet the needs of two-loop chiral perturbation theory and used to pin down the associated coupling constants [21, 22] . The work reported here summarizes the first stage of our computations and is presently being extended to meet the needs of the twoloop computation of [22] . The notation and formalism that we adopt in this discussion follows that of Ref. [18] . Consider ππ scattering:
where all the pions have the same mass. The Mandelstam variables s, t and u are defined as
The scattering amplitude F (a, b → c, d) (our normalization of the amplitude differs from that of Ref. [18] by 32π and is consistent with that of Ref. [2, 23] )
can then be written as
From A(s, t, u) we construct the three s-channel isospin amplitudes:
We introduce the partial wave expansion:
The unitarity condition for the partial wave amplitudes f I l (s) is: We also introduce the threshold expansion:
where the a 
Note also that at O(p 4 ) the imaginary parts of the partial waves above threshold computed (s > 4) from the amplitude above is:
[Note that the chiral power counting enforces the property that the absorptive parts of the D-and higher waves arise only at O(p 
In order to carry out the comparison between the chiral expansion and the physical scattering data, we first recall that up to O(p 6 ), it is possible to decompose A(s, t, u) into a sum of three functions of single variables as fol-
lows [24]:
A(s, t, u) = 32π
One convenient decomposition of the chiral one-loop amplitude is:
where we note that this decomposition is not unique, with ambiguities in the real part only. We observe that the imaginary parts of these functions verify the relation:
which may be used to demonstrate the following dispersion relations:
We now reconstruct A(s, t, u) from this dispersive representation for the W 's to obtain:
This is seen to be the sum of a polynomial of second degree in s, t and u and a dispersive piece. The problem associated with the non-uniqueness of the real part of the decomposition into the W 's is eliminated by setting u = 4 − s − t upon which we obtain a second degree polynomial in s and t:
The Roy equation fit allows us to obtain a representation only for the S-and P-wave absorptive parts, [with some effects of higher angular momentum states absorbed into the driving terms (see Appendix A)]. Thus, a determination of the physical S-and P-wave absorptive parts, allows us to construct a set of crossing symmetric amplitudes [17, 25] from which we extract a representation for A(s, t, u) (see Appendix A for details):
where
We are now in a position to compare the two representations for A(s, t, u)
namely the chiral representation eq.(2.15) and the axiomatic representation eq.(2.17). These are formally equivalent, with the dispersive integrals in the former described by chiral absorptive parts whereas in the latter by the physical S-and P-wave absorptive parts. For the chiral expansion to reproduce low energy physics accurately we now require the effective subtraction constants to match. Once more setting u = 4 − s − t yields the polynomial piece of the representation eq.(2.17): 
The actual numerical values we find forl 1 andl 2 are reported in a subsequent section. These have an interesting dependence on the actual physical phase shifts: one observes that in eq. been shown that as long as one is confined to the absorptive parts of the Sand P-waves alone, each of these methods would yield identical results for the right hand sides (for a recent discussion, see [27] ).
We consider the Roy equations eq. (A.3) in the following limits:
These may then be rearranged to yield the specific combinations of threshold parameters satisfying: A careful consideration of these reveals some interesting characteristics.
Note for instance that the one-loop expressions for 18a .7) we reproduce the one-loop result which is a result of the perturbative unitarity of the chiral expansion.
As a result when the sum rule for this combination is evaluated with the physical absorptive parts, we get an answer that is substantially different from its one-loop expression. From this we conclude that the two-loop corrections to this combination must account for this discrepancy, although we cannot conclude which one of the elements in the combination receives the correction. have similar properties has been examined recently [27] .
A final exercise we perform is to compute the value for 2a Once again we observe that the agreement, while being fair is not exact reflecting the somewhat large uncertainties in our determination referred to earlier as well as due to the O(p 6 ) corrections to its one-loop formula.
Numerical Results and Discussion
The numerical solutions of the Roy equations are obtained by using a parameterization similar to the one described in great detail in [18] . In this study
we have employed the ππ scattering from the CERN-Munich experiment and documented by Ochs [28] in the region 19 ≤ s ≤ 60, and the high precision K l4 experimental data [29] for the phase shift difference δ behavior. The details of our work will be documented elsewhere [30] .
Our solutions require as an input parameter only a 0 0 and numerically search for those solutions that minimize the discrepancy with respect to the data. In Fig. 1 we present our phase shift fits for δ We tabulate our results in Table 1 and 2. In Table 1 for a given input of a 0 0 we report the results of our fit for a . Such an agreement is also seen to be better for a 2 than it is for b 0 . We conclude therefore that the determination ofl 1 andl 2 from the dispersive framework is better consistent with the one-loop expressions for the scattering lengths than it is for the effective ranges.
As a final check we have compared our results obtained from the Roy equation representation with those obtained from a simple analytic param-eterization of the type proposed by Schenk [32] for the lowest wave phase shifts: 
Note added
After this work was completed we received an e-print [33] dealing with the subject of phase shift data, sum rules and chiral coupling constants at O(p 6 ).
The coupling constants in the first row of Table 4 
Appendix A
Independent of the dynamics governing the interactions, it has been rigorously established that fixed-t dispersion relations with two subtractions may be written down for the amplitudes of definite isospin in terms of unknown t-dependent subtraction functions:
where A I (x, t) is the isospin I s-channel absorptive part, C st and C su are the crossing matrices:
and I is the identity matrix. Bose symmetry implies:
; the unknown t-dependent functions C I (t) and D I (t) may be eliminated, using crossing symmetry, in favor of the S-wave scattering lengths.
The Roy equations are obtained upon projecting the resulting dispersion relation onto partial waves and inserting a partial wave expansion for the absorptive part. They have been rigorously proved to be valid in the domain −4 ≤ s ≤ 60. These are a system of coupled integral equations for partial wave amplitudes of definite isospin I which are related through crossing symmetry to the absorptive parts of all the partial waves. The Roy equations for the S-and P-waves are [16, 17, 18] :
and for all the higher partial waves written as:
where K
are the kernels of the integral equations and have been documented elsewhere [17] . Upon cutting off the integral at a large scale Λ and absorbing the contribution of the high energy tail as well as that of all the higher waves over the entire energy range into the driving terms d
we have:
The driving terms themselves for the two lowest partial waves, the I = 0, 2 S-waves and the I = 1 P-wave are available in the literature when Λ = 110 [18] . [We note that the driving terms for the l ≥ 2 partial waves are not documented in the literature.] The primary aim of this work is to derive as completely as possible the information on the S-and P-waves and that of the numerical fit to the experimental data (described in a subsequent section) to provide a parametric representation for the physical S-and P-wave partial waves.
Out of the absorptive parts of the physical S-and P-waves, one may construct a manifestly crossing symmetric amplitudes [17, 25] :
Our objective may be met by first rewriting this dispersion relation as: A(s, t, u) ≡ 1 3 T 0 (s, t, u) − T 2 (s, t, u) (A. 5) and is given in eq. (2.17). Table 1 Roy equations One loop formula 
